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The dynamic response analysis of structures plays an important role in the design of structural systems. Unfortunately,
the structural geometric properties and mechanical properties are usually uncertain due to a variety of factors including
manufacturing and measurement errors. As a result, the structural dynamic response is also uncertain. Therefore, it is impor-
tant to estimate the effect of these uncertainties on the structural dynamic response.
To date, researchers have conducted many studies on the dynamic response of structures with uncertainty, including the
probability method and the non-probability analysis method. For the probability analysis method, there are three main ways
as follows. The Monte Carlo simulation method [1,2] is very effective in the aspect of random structural analysis, but it is
quite time-consuming. With the orthogonal series expansion method [3,4], the structural response may be expanded in
the orthogonal series and the corresponding numerical characteristics are given as analytical solution form. The stochastic
ﬁnite element method [5] is very powerful in the random structural dynamic response analysis. Despite the success of these
probabilistic analysis approaches, they demand sufﬁcient knowledge about the uncertain parameters; however, in practice,
such information may not be readily available. Thus, a non-probabilistic conceptual framework based on convex analysis and
interval mathematics [6–13] arose as an alternative. Only the bounds on the magnitude of the uncertain parameters are re-
quired; the probabilistic distribution densities do not necessarily need to be known. Based on Taylor series expansion, Qiu
andWang [14] presented a non-probabilistic analysis method for estimating the range of the dynamic response of structures
with interval parameters. Its main advantage is small computational efforts and less need for information.
In this paper, an inequality model (as a type of non-probabilistic method) is presented for solving the interval dynamic
response of structures with uncertain-but-bounded parameters. The basic idea of the model is to determine the upper and2009 Published by Elsevier Inc. All rights reserved.
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interval dynamic solution theorem is presented in order to deﬁne the constraint conditions.
This paper is organized as follows: in Section 2, we give the formulation of the dynamic response with uncertain-but-
bounded parameters. Then, in Section 3, we propose the three interval dynamic response solution theorem. In Section 4,
the inequality model for the structural dynamic response is presented. The interval analysis method is introduced in Section
5. Two examples are used to illustrate the feasibility and efﬁciency of the presented model in Section 6, with a comparison
against the interval analysis method. Finally, a conclusion of the inequality model is given in Section 7.
2. Problem statement
Consider the equation of motion [15] of a general dynamic system with n degrees of freedom in the following form:M€xðtÞ þ C _xðtÞ þ KxðtÞ ¼ FðtÞ ð1Þ
where M = (mij) is the n  n-dimensional mass matrix, C = (cij) is the n  n-dimensional damping matrix, and K = (kij) is the
n  n-dimensional stiffness matrix. F(t) = (fi(t)) is the n-dimensional external load vector. x(t) = (xi(t)), _xðtÞ ¼ ð _xiðtÞÞ and
€xðtÞ ¼ ð€xiðtÞÞ are the displacement, velocity, and acceleration vectors of the ﬁnite element assemblage. The matrix M =
(mij) is positive deﬁnite, the matrices C = (cij) and K = (kij) are the positive semi-deﬁnite matrices. This kind of relationship
among the displacement vector and the matricesM, C, K and the external force vector F(t) can be written as the function form
x(t) = x(hM, C, K, F(t)i).
In some instances in practical engineering, the physical and geometric properties of the structures can neither be mea-
sured exactly nor manufactured exactly, and they possess uncertainties in varying degrees. In this paper, we assume that
the uncertainties inM = (mij), C = (cij), K = (kij) and F(t) = (fi(t)) are caused by the uncertain-but-bounded structural parameter
vector a 2 aI ¼ ½a; a ¼ ðaIiÞ, then the uncertainties in M(a) = (mij(a)), C(a) = (cij(a)), K(a) = (kij(a)) and F(a,t) = (fi(a, t)) are
bounded and they can be written as the following inequality formmin
a2aI
MðaÞf g ¼ M 6 M 6 M ¼ max
a2aI
MðaÞf g
min
a2aI
CðaÞf g ¼ C 6 C 6 C ¼ max
a2aI
CðaÞf g
min
a2aI
KðaÞf g ¼ K 6 K 6 K ¼ max
a2aI
KðaÞf g
min
a2aI
Fða; tÞf g ¼ FðtÞ 6 FðtÞ 6 FðtÞ ¼ max
a2aI
Fða; tÞf g
ð2aÞand the component formmij 6 mij 6 mij; cij 6 cij 6 cij
kij 6 kij 6 kij; f iðtÞ 6 f ðtÞ 6 f iðtÞ
; i; j ¼ 1;2; . . . ;n ð2bÞMaking use of the interval matrix notation and the interval vector notation in interval mathematics and interval analysis
[16–18], the inequality condition (2a) can be rewritten asM 2 MI ¼ ½M;M ¼ ðmIijÞ; C 2 CI ¼ ½C; C ¼ ðcIijÞ
K 2 KI ¼ ½K;K ¼ ðkIijÞ; FðtÞ 2 FIðtÞ ¼ ½FðtÞ; FðtÞ ¼ ðf Ii ðtÞÞ
ð3aÞor the component formmij 2 mIij ¼ ½mij; mij; cij 2 cIij ¼ ½cij; cij
kij 2 kIij ¼ ½kij; kij; f iðtÞ 2 f Ii ðtÞ
; i; j ¼ 1;2; . . . ; n ð3bÞwhere MI ¼ ðmIijÞ is the n  n-dimensional interval mass matrix, and mIij, i,j = 1,2, . . . ,n are the elements of the interval mass
matrix MI; CI ¼ ðcIijÞ is the n  n-dimensional interval damping matrix, and cIij, i, j = 1,2, . . . ,n are the elements of the interval
damping matrix CI; KI ¼ ðkIijÞ is the n  n-dimensional interval stiffness matrix, and kIij; i; j ¼ 1; 2; . . . ; n are the elements of
the interval stiffness matrix KI; The quantity FIðtÞ ¼ ðf Ii ðtÞÞ is the interval external force vector, and f Ii ðtÞ, i = 1,2, . . . ,n is the
component of the interval vector FI(t).
The bounded convex sets, (2) and (3), may be thought of as constraint conditions. Thus, by solving for the dynamic dif-
ferential Eq. (1) with regard to the constraint conditions (3), we mean to solve the family of the dynamic differential equa-
tions in which the elements are uncertain and ranging in inside the certain convex sets. That is to say that the solution of the
differential equilibrium equation with uncertain-but-bounded parameters is a set, and this set is given by:C ¼ xðtÞ : xðtÞ 2 Rn; M€xðtÞ þ C _xðtÞ þ Kx ¼ FðtÞ; M 2 M
I; C 2 CI
K 2 KI; FðtÞ 2 FIðtÞ
( )
ð4Þ
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which is not convex. Taking this into account, one has to determine a closed convex interval solution set xIðtÞ ¼ ½xiðtÞ;
xiðtÞ, one of the smallest width enclosing all possible values of each component of the solution u 2 Rn satisfying
M€xðtÞ þ C _xðtÞ þ KxðtÞ ¼ FðtÞwhen the mass matrixM = (mij) takes all possible values insideMI ¼ ½M;M ¼ ðmIijÞ, the damping
matrix C = (cij) takes all possible values inside CI ¼ ½C;C ¼ ðcIijÞ, the stiffness matrix K = (kij) takes all possible values inside
KI ¼ ½K;K ¼ ðkIijÞ, and the interval external force vector F(t) = (fi(t)) also takes all possible values inside FIðtÞ ¼ ½FðtÞ;
FðtÞ ¼ ðf Ii ðtÞÞ, so the dynamic differential equation problem (1) subject to (3) can be transformed into solving the interval
dynamic differential equationMI€xIðtÞ þ CI _xIðtÞ þ KIxIðtÞ ¼ FIðtÞ ð5aÞ
or the component formXn
j¼1
mIij€x
I
jðtÞ þ
Xn
j¼1
cIij _x
I
jðtÞ þ
Xn
j¼1
kIijx
I
jðtÞ ¼ f Ii ðtÞ; i ¼ 1;2; . . . ;n ð5bÞand its interval solution can be written asxiðtÞ 6 xiðtÞ 6 xiðtÞ; i ¼ 1;2; . . . ; n ð6Þ
where x(t) = (xi(t)) is an exact solution of one realization of the dynamic differential equation (1) with the constraint con-
ditions (3), xðtÞ ¼ ðxiðtÞÞ and x(t) = (xi(t)) are, respectively, the upper and lower bound vectors of the solution vector
x(t) = (xi(t)). Making use of the notation of interval mathematics, expression (6) can be written in the following interval vec-
tor formxðtÞ 2 xIðtÞ ¼ ½xðtÞ; xðtÞ ¼ ðxIiðtÞÞ ð7aÞ
and the component of the interval vector can be denoted asxiðtÞ 2 xIiðtÞ ¼ ½xiðtÞ; xiðtÞ; i ¼ 1;2; . . . ;n ð7bÞ
In Eq. (7), the upper and lower bound vectors of the interval vector can be expressed in the following optimization formxðtÞ ¼ max
M2MI ;M2MI
C2CI ;K2KI ;FðtÞ2FIðtÞ
xðtÞ : xðtÞ 2 Rn;M€xðtÞ þ C _xðtÞ þ KxðtÞ ¼ FðtÞ  ð8aÞ
andxðtÞ ¼ min
M2MI ;M2MI
C2CI ;K2KI ;FðtÞ2FIðtÞ
xðtÞ : xðtÞ 2 Rn;M€xðtÞ þ C _xðtÞ þ KxðtÞ ¼ FðtÞ  ð8bÞ
or the component formxiðtÞ ¼ max
mij2mIij ;cij2cIij
kij2kIij ;fiðtÞ2f Ii ðtÞ
xiðtÞ : xiðtÞ 2 Rn;
Xn
j¼1
mij€xjðtÞ þ
Xn
j¼1
cij _xjðtÞ þ
Xn
j¼1
kijxjðtÞ ¼ fiðtÞ
( )
i; j ¼ 1;2; . . . ;n ð9aÞandxiðtÞ ¼ min
mij2mIij ;cij2cIij
kij2kIij ;fiðtÞ2f Ii ðtÞ
xiðtÞ : xiðtÞ 2 Rn;
Xn
j¼1
mij€xjðtÞ þ
Xn
j¼1
cij _xjðtÞ þ
Xn
j¼1
kijxjðtÞ ¼ fiðtÞ
( )
i; j ¼ 1;2; . . . ;n ð9bÞFrom the above analysis, we know that the optimization problem is a global optimization problem [19]. In the sequel, our
aim is to determine the upper and lower bounds of the interval dynamic response.
3. Interval dynamic response solution theorem
In this section, we will present an important theorem called the Interval dynamic response solution theorem.
3.1. Interval dynamic response solution theorem
Any solution €xðtÞ; _xðtÞ and x(t) of the dynamic balanced equation M€xðtÞ þ C _xðtÞ þ KxðtÞ ¼ FðtÞ when M 2 MI ¼ ½M;M,
C 2 CI ¼ ½C;C;K 2 KI ¼ ½K;K; FðtÞ 2 FIðtÞ ¼ ½FðtÞ; FðtÞ satisfyMc€xðtÞ þ Cc _xðtÞ þ KcxðtÞ  FcðtÞ  6 DM €xðtÞj j þ DC _xðtÞj j þ DK xðtÞj j þ DFðtÞ ð10Þ
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j¼1
½mcij€xjðtÞ þ ccij _xjðtÞ þ kcijxjðtÞ  f ci ðtÞ

 6Xn
j¼1
½Dmij €xjðtÞ
 þ Dcij _xjðtÞ þ Dkij xjðtÞ  þ DfiðtÞ; i ¼ 1;2; . . . ;n ð11Þwhere the mean value Mc, Cc, Kc, Fc(t) and the uncertainty DM, DC, DK, DF(t) are, respectively deﬁned asMc ¼ M þM
2
; Cc ¼ C þ C
2
;Kc ¼ K þ K
2
; FcðtÞ ¼ FðtÞ þ FðtÞ
2
ð12Þ
DM ¼ M M
2
; DC ¼ C  C
2
; DK ¼ K  K
2
; DFðtÞ ¼ FðtÞ  FðtÞ
2
ð13ÞProof. Any solution of Eq. (1) with the constraints (3) can be represented asðMc þ dMÞ€xðtÞ þ ðCc þ dCÞ _xðtÞ þ ðKc þ dKÞxðtÞ ¼ FcðtÞ þ dFðtÞ ð14Þ
with the component form denoted asXn
j¼1
ðmcij þ dmijÞ€xjðtÞ þ ðccij þ dcijÞ _xjðtÞ þ ðkcij þ dkijÞxjðtÞ
h i
¼ f ci ðtÞ þ dfiðtÞ ð15ÞwheredMj j 6 DM; dCj j 6 DC; dKj j 6 DK and dFðtÞj j 6 DFðtÞ ð16Þ
dmij
  6 Dmij; dcij  6 Dcij; dkij  6 Dkij and dfiðtÞj j 6 DfiðtÞ i; j ¼ 1;2; . . . ;n ð17ÞAssume that t€x ¼ ðt€xiÞ; t _x ¼ ðt _xiÞ; tx ¼ ðtxiÞ and tF = (tfi) are the values of €xðtÞ; _xðtÞ; xðtÞ and F(t) taken at the time t, respec-
tively. Then, Eq. (24) taken at the time t can be represented asXn
j¼1
ðmcij þ dmijÞt€xj þ ðccij þ dcijÞt _xj þ ðkcij þ dkijÞtxj
h i
¼ tf ci þ dtfi i ¼ 1;2; . . . ;n ð18ÞCarrying the median terms to the left-hand side and taking the absolute value of both sides for all n-equations yieldsXn
j¼1
ðmcijt€xj þ ccijt _xj þ kcijtxjÞ  t f ci

 ¼ dtfi Xn
j¼1
ðdmijt€xj þ dcijt _xj þ dkijtxjÞ

 ð19aÞ
6 dt fi
 þ Xn
j¼1
ðdmijt€xj þ dcijt _xj þ dkijtxjÞ

 ð19bÞ
6 dt fi
 þXn
j¼1
dmijt€xj þ dcijt _xj þ dkijtxj
  ð19cÞ
6 dt fi
 þXn
j¼1
dmij
  t€xj þ dcij  t _xj þ dkij  txj   ð19dÞ
6 Dt fi þ
Xn
j¼1
Dmij t€xj
 þ Dcij t _xj þ Dkij txj   ð19eÞAccording to the arbitrary property of the time, t, we can ﬁnally obtain that for any solution x(t), _xðtÞ and €xðtÞ of Eq. (1)
subject to the constraints (3), the inequality (10) and the related (11) hold on. h4. Inequality model
In this section, we will present an inequality model which is used for determining the upper and lower bounds of the
interval dynamic response of structures.
Since each solution €xðtÞ; _xðtÞ and x(t) of Eq. (1) subject to the constraints (3) satisfy the inequality (10), the upper and low-
er bounds can be found from the following inequality model which is a mathematics programming problem.
Object functionxiðtÞ ¼ maxfxiðtÞg or xiðtÞ ¼ minfxiðtÞg; i ¼ 1;2; . . . ;n ð20Þ
Constraint conditions DMSc€xðtÞ€xðtÞ  DCSc_xðtÞ _xðtÞ  DKScxðtÞxðtÞ  DFðtÞ
6 Mc€xðtÞ þ Cc _xðtÞ þ KcxðtÞ  FcðtÞ ð21Þ
Mc€xðtÞ þ Cc _xðtÞ þ KcxðtÞ  FcðtÞ
6 DMSc€xðtÞ€xðtÞ þ DCSc_xðtÞ _xðtÞ þ DKScxðtÞxðtÞ þ DFðtÞ ð22Þ
2170 Z. Qiu, Z. Ni / Applied Mathematical Modelling 34 (2010) 2166–2177where inequalities (21) and (22) are the transformation of inequality (10), at any time t Sc€xðtÞ ¼ diagfsgnð€xc1ðtÞÞ;
sgnð€xc2ðtÞÞ; . . . ; sgnð€xcnðtÞÞg; Sc_xðtÞ ¼ diagfsgnð _xc1ðtÞÞ; sgnð _xc2ðtÞÞ; . . . ; sgnð _xcnðtÞÞg and ScxðtÞ ¼ diagfsgnðxc1ðtÞÞ; sgnðxcnðtÞÞ; . . . ;
sgnðxcnðtÞÞg are the signal matrices of €xcðtÞ, _xcðtÞ and xc(t) taken at Mc, Cc, Kc and Fc(t) is constant over MI, CI, KI and FI(t).
However, the constraint conditions (21) and (22) are second-order ordinary differential equations, so it’s impossible to
solve this problem using mathematics programming method directly. However, if we ﬁrst substitute the differential items
in inequalities (21) and (22) by difference items, then it is possible to ﬁnd the upper and lower bounds of the interval dy-
namic response via linear programming theory. Here, the central difference method [20,21] used in solving the balanced
equation of a dynamic response provides some inspiration.
Assume thatt _x ¼ 1
2Dt
tDtxþ tþDtx  ð23Þ
t€x ¼ 1
Dt2
tDtx 2txþ tþDtx  ð24Þwhere tx; t _x; t€x are the displacement, velocity, and acceleration of the system at time t, respectively. Dt is the size of time step.
Substituting the relations for t _x and t€x in Eqs. (23) and (24), respectively, into inequalities (21) and (22), we obtain DMtSc€x
1
Dt2
ðtDtx 2txþ tþDtxÞ
 
 DCtSc_x
1
2Dt
ðtDtxþ tþDtxÞ
 
 DKtScxtx
 DtF 6 Mc 1
Dt2
ðtDtx 2txþ tþDtxÞ
 
þ Cc 1
2Dt
ðtDtxþ tþDtxÞ
 
þ Kctx tFc
ð25ÞandMc
1
Dt2
ðtDtx 2txþ tþDtxÞ
 
þ Cc 1
2Dt
ðtDtxþ tþDtxÞ
 
þ Kctx tFc 6 DMt
Sc€x
1
Dt2
ðtDtx 2txþ tþDtxÞ
 
þ DCtSc_x
1
2Dt
ðtDtxþ tþDtxÞ
 
þ DKtScxtxþ DtF
ð26ÞInequalities (25) and (26) can be transformed intoMc  DMtSc€x
Dt2
þDC
tSc_x  Cc
2Dt
	 

tþDtScx
tþDtx
  6 DtF  tFc þ 2DMtSc€x  2Mc
Dt2
þ DKtScx þ Kc
	 

tx
þ M
c þ DMtSc€x
Dt2
 DC
tSc_x þ Cc
2Dt
	 

tDtx ð27ÞandMc  DMtSc€x
Dt2
þ C
c  DCtSc_x
2Dt
	 

tþDtScx
tþDtx
  6 tFc þ DtF þ 2Mc  2DMtSc€x
Dt2
þ DKtScx  Kc
	 

tx
þ DM
tSc€x Mc
Dt2
þ C
c  DCtSc_x
2Dt
	 

tDtx ð28Þwhere tSc€x;
tSc_x and
tScx are the signal matrices S
c
€xðtÞ; Sc_xðtÞ and ScxðtÞ taken at time t.tþDtScx is the signal matrix ScxðtÞ taken at time
t + Dt, tx and tDtx satisfytx 6 tx 6 tx; tDtx 6 tDtx 6 tDtx ð29Þ
Eqs. (27) and (28) can be transformed intoA tþDtx
  6 Bþ Ctxþ DtDtx ð30ÞandE tþDtx
  6 Gþ Htxþ QtDtx ð31ÞwhereA ¼ M
c  DMtSc€x
Dt2
þDC
tSc_x  Cc
2Dt
	 

tþDtScx; B ¼ DtF  tFc
C ¼ 2DM
tSc€x  2Mc
Dt2
þ DKtScx þ Kc
	 

; D ¼ M
c þ DMtSc€x
Dt2
 DC
tSc_x þ Cc
2Dt
	 

ð32Þ
E ¼ M
c  DMtSc€x
Dt2
þ C
c  DCtSc_x
2Dt
	 

tþDtScx; G ¼ tFc þ DtF
H ¼ ð2M
c  2DMtSc€x
Dt2
þ DKtScx  KcÞ; Q ¼
DMtSc€x Mc
Dt2
þ C
c  DCtSc_x
2Dt
	 

ð33Þ
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  6 L; E tþDtx  6 NðL 6 L 6 L;N 6 N 6 NÞ ð34ÞwhereL ¼ Bþ Ctxþ DtDtx;N ¼ Gþ Htxþ QtDtx ð35Þ
L ¼ ðliÞ ¼
Xn
j¼1
minfbi þ cijtxj þ dijtDtxj; bi þ cijtxj þ dijtDtxj;
 
bi þ cijtxj þ dijtDtxj; bi þ cijtxj þ dijtDtxjg
!
; i ¼ 1;2; . . . ;n ð36Þ
L ¼ ðliÞ ¼
Xn
j¼1
maxfbi þ cijtxj þ dijtDtxj; bi þ cijtxj þ dijtDtxj;
 
bi þ cijtxj þ dijtDtxj; bi þ cijtxj þ dijtDtxjg
!
; i ¼ 1;2; . . . ;n ð37Þ
N ¼ ðniÞ ¼
Xn
j¼1
minfgi þ hijtxj þ qijtDtxj; gi þ hijtxj þ qijtDtxj;
 
gi þ hijtxj þ qijtDtxj; gi þ hijtxj þ qijtDtxjg
!
; i ¼ 1;2; . . . ; n ð38Þ
N ¼ ðniÞ ¼
Xn
j¼1
minfgi þ hijtxj þ qijtDtxj; gi þ hijtxj þ qijtDtxj;
 
gi þ hijtxj þ qijtDtxj; gi þ hijtxj þ qijtDtxjg
!
; i ¼ 1;2; . . . ; n ð39ÞThe constraint condition (34) can be rewritten asR tþDtx
  6 SðS 6 S 6 SÞ ð40ÞwhereR ¼ A
E
	 

; S ¼ L
N
	 

; S ¼ L
N
	 

; S ¼ L
N
 !
ð41ÞThe set of the boundary matrices of the interval vector SI ¼ ½S; S can be deﬁned asbSm ¼ fSm; Sm 2 SI; Sm ¼ ðs^mi Þ; and s^mi ¼ si or s^mi ¼ siði ¼ 1;2; . . . ;2nÞg m ¼ 1;2;3; . . . ;22n ð42Þ
To ﬁnd the smallest value of a component jt+Dtxi j of jt+Dtxj for all solution vectors t+Dtx, we can solve 22n linear program-
ming problems with the 2n linear constraints represented byR tþDtx
  6 bSmðm ¼ 1;2;3; . . . ;22nÞ ð43ÞThe minimum of the objective function fm of themth problem is equal to min {jt+Dtxij}m i = 1,2, . . . ,n. The largest value for
{jt+Dtxij}m i = 1,2, . . . ,n is obtained by solving the identical linear programming problem except that we ﬁnd the maximum
of the objective function.
After solving 22n linear programming problems, the minimum and maximum absolute values of the response
xi i = 1,2, . . . ,n at the time t + Dt can be obtained bymin
16m622n
min tþDtxi
  
m
n o
and max
16m622n
max tþDtxi
  
m
n o
ð44ÞBy solving such linear programming problems at every time step, we can obtain the upper and lower bounds of the abso-
lute value of the dynamic displacement response at every time step, multiplying the corresponding diagonal matrix Sc on the
left side of them, we can ﬁnally get the upper and lower bounds of the dynamic displacement response at every time step.
Thus, the upper bound xiðtÞ,i = 1,2, . . . ,n and the lower bound xi(t), i = 1,2, . . . ,n of the dynamic response of structures have
been determined.
In addition, we have noticed that to calculate the solution at time Dt, a special starting procedure must be used. Since
0x; 0 _x; 0€x are known (note that with 0x and 0 _x known, 0€x can be calculated using Mc€xþ Cc _xþ Kcx ¼ FcðtÞ at time 0), the rela-
tions in (23) and (24) can be obtained for Dtx; i.e., we haveDtx ¼ 0x Dt0 _x Dt
2
2
0€x ð45Þ
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For comparison, in this section we will introduce the interval analysis method [14] for determining the upper and lower
bounds of the structure’s interval dynamic response.
In interval analysis or interval mathematics, the uncertain-but-bounded parameters a = (ai) can be modeled by an
interval vector. Thus, we suppose that the structural parameters with uncertainty vary in the following interval vector–
rectangle setaI ¼ ½a; a ¼ ðaIiÞ; aIi ¼ ½ai; ai; i ¼ 1;2; . . . ;m ð46Þwhere a¯ = (a¯i) and a = (ai).
By virtue of Eq. (46), the nominal value or midpoint of the interval structural parameter vector can be deﬁned asac ¼ ðaci Þ ¼ mðaIÞ ¼
ðaþ aÞ
2
; aci ¼ mðaIiÞ ¼
ðai þ aiÞ
2
; i ¼ 1;2; . . . ;m ð47Þand the uncertain radius of the interval structural parameter vector asDa ¼ ðDaiÞ ¼ radðaIÞ ¼ ð
a aÞ
2
; Dai ¼ radðaIiÞ ¼
ðai  aiÞ
2
; i ¼ 1;2; . . . ;m ð48ÞTherefore, based on interval mathematics, the interval structural parameter vector is decomposed into the sum of the
nominal value vector and the deviation vector, i.e.aI ¼ ½a; a ¼ ½ac  Da; ac þ Da ¼ ½ac; ac þ ½Da;Da ¼ ac þ DaI ¼ ac þ Da½1;1 ¼ ac þ DaeD ð49Þwhere a¯ = ac + Da, a = ac  Da, D aI = [Da,Da], eD = [1,1].
In terms of Eq. (49), the interval structural parameter vector also can be written in the following forma ¼ ac þ da; daj j 6 Da ð50Þor component formai ¼ aci þ dai; daij j 6 Dai; i ¼ 1;2; . . . ;m ð51ÞUsing Taylor series, the dynamic response xi(a,t), i = 1,2, . . . ,n about ac is expanded asxiða; tÞ ¼ xiðac þ d; tÞ ¼ xiðac; tÞ þ
Xm
j¼1
@xiðac; tÞ
@aj
daj ð52Þin whichdaj 2 DaIj ¼ ½Daj;Daj; j ¼ 1;2; . . . ;m ð53Þ
By making use of the interval extension in interval mathematics, from Eq. (52) we can obtain the interval extension of the
dynamic response of structuresxIiða; tÞ ¼ xiðac; tÞ þ m
m
j¼1
@xiðac; tÞ
@aj
 DaIj ð54Þ
Through the interval operations, and from the above equation, we havexiða; tÞ ¼ xiðac; tÞ þ
Xm
j¼1
@xiðac; tÞ
@aj
 Daj; i ¼ 1;2; . . . ;n ð55Þ
andxiða; tÞ ¼ xiðac; tÞ 
Xm
j¼1
@xiðac; tÞ
@aj
 Daj; i ¼ 1;2; . . . ;n ð56Þ
By Eqs. (55) and (56) we can determine the response region of the structure’s interval dynamic response.
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L
P(t)= -p*sin(10*pi*t)
Fig. 1. A cantilever beam.
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Fig. 2. Response region curves of the cantilever beam via inequality model (IM).
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Fig. 3. Response region curves of the cantilever beam via interval analysis method.
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Example 1 (A cantilever beam). Fig. 1 shows a cantilever beam with 11 nodes, 10 elements, and a length of 1 m. The cross-
sectional area of the beam is A = 2.0E  4m2. The moment of the inertia of the cross-section of the beam is Iz = 2.0E  8m4.
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Fig. 4. Comparison of the response region curves of the beam via inequality model (IM) and interval analysis method.
Fig. 5. 25-bar 3D truss.
2174 Z. Qiu, Z. Ni / Applied Mathematical Modelling 34 (2010) 2166–2177Poisson’s ratio is l = 0.3. There is a harmonic sinusoidal excitation P(t) =  psin (10pt)N acting on the vertical direction of
node 3 with the initial condition _xð0Þ ¼ 0 and x(0) = 0. We assume that the Young’s modulus, the mass density, and the
harmonic sinusoidal excitation amplitude of the cantilever beam are uncertain-but-bounded parameters, and their interval
numbers are: EI = [195  109,205  109]N/m2, qI = [7605,7995]kg/m3 and pI = [97,103]N.
The response regions of the sixth node in the vertical direction on the cantilever beam, are computed by inequality model
and interval analysis method, and are plotted in Figs. 2 and 3. The comparison of the response region curves of the cantilever
beam by inequality model and interval analysis method is plotted in Fig. 4.
Example 2 (25-bar 3D truss). Fig. 5 shows a space truss with 10 nodes and 25 elements. Two harmonic sinusoidal excita-
tions P1(t) = p1sin (5pt) and P2(t) = p2 sin (10pt) act on the node 1 and node 2, respectively, with the initial conditions
_xð0Þ ¼ 0 and x(0) = 0. The time step is taken as Dt = 0.05 s. It is assumed that the cross-sectional area of elements is
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Fig. 6. Response region curves of the truss via inequality model (IM).
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Fig. 7. Response region curves of the truss via interval analysis method.
Z. Qiu, Z. Ni / Applied Mathematical Modelling 34 (2010) 2166–2177 2175A = 4  104m2, the Poisson’s ratio is l = 0.3. Moreover, we assume the Young’s modulus, the mass density, and the harmonic
sinusoidal excitation amplitude of the space truss are uncertain-but-bounded parameters, and their interval numbers are:
EI = [2.0  1011, 2.2  1011]N/m2, qI = [7770,7830]kg/m3, pI1 ¼ ½290; 310N and pI2 ¼ ½195; 205N, respectively.
The response regions of node 1 in the x direction are, respectively, computed via inequality model and the interval
analysis method plotted in the Figs. 6 and 7. The comparison of the response region curves of the truss via inequality model
and the interval analysis method is plotted in the Fig. 8.
From the above numerical examples, we can see that the regions of the dynamic response of structures with uncertain-
but-bounded parameters obtained via inequality model are smaller than that produced by the interval analysis approach. In
other words, it is seen that the inequality model yields smaller bounds.
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Fig. 8. Comparison of the response region curves of the truss via inequality model (IM) and interval analysis method.
2176 Z. Qiu, Z. Ni / Applied Mathematical Modelling 34 (2010) 2166–2177As to more element types for solids, the presented inequality model is also applicable, since the presented one focus on
the equation of motion of a general dynamic system not any speciﬁcally element type. The listed two examples are only the
typical representatives of all kinds of element types. It is assured that the regions of the dynamic response of uncertain struc-
tures with any element type obtained by inequality model are smaller than that produced by interval analysis approach. We
can say that the presented inequality model is an effective and accurate model with broadly applicability for any element
type.7. Conclusion
In this study, we considered the dynamic response of structures with uncertain parameters. Instead of assuming exten-
sive knowledge of the probabilistic characteristics of the uncertain parameters, we adopted a non-probabilistic, set-theoretic
approach to model uncertainty in the structural parameters. In particular, we assumed that the structural parameters are
uncertain-but-bounded. By ﬁnite element analysis and mathematical programming theory, the non-probabilistic inequality
model for structural dynamic response is developed. By using numerical examples, we compare this model with another
non-probabilistic method which is the interval analysis method. The numerical results show that the width of the upper
and lower bounds on the structural dynamic response yielded by the inequality model is tighter than those produced by
the interval analysis method. In other words, the inequality model yields smaller bounds. We can thusly draw the conclusion
that the inequality model is effective and useful.
Acknowledgments
The work of Zhiping Qiu was supported by the Aeronautical Science Foundation of China (Grant No. 2007ZA51003), the
National Natural Science Foundation of China (Grant Nos. 90816024, 10872017, 10876100), the Astronautical Technology
Innovation Foundation of China and the 111 Project (Grant No. B07009).
References
[1] C.J. Astill et al, Impact loading on structures with random properties, J. Struct. Mech. 1 (1) (1972) 63–77.
[2] F.J. Wall, C.G. Bucher, Sensitivity of expected exceedance rate of SDOF-system response to statistical uncertainties of loading and system parameters,
Probabilist. Eng. Mech. 2 (3) (1987) 138–146.
[3] T.C. Sun, A ﬁnite element method for random differential equations with random coefﬁcients, SIAM J. Numer. Anal. 16 (6) (1979) 1019–1035.
[4] R.G. Ghanem, P.D. Spanos, Polynomial chaos in stochastic ﬁnite elements, J. Appl. Mech. 57 (2) (1990) 197–202.
[5] S.H. Chen et al, Random vibration analysis for large-scale structures with random parameters, Comput. Struct. 43 (4) (1992) 681–685.
[6] Y. Ben-Haim, I. Elishakoff, Convex Models of Uncertainty in Applied Mechanics, Elsevier Science, Amsterdam, 1990.
[7] I. Elishakoff, Y.W. Li, J.H. Starnes Jr., A deterministic method to predict the effect of unknown-but-bounded elastic moduli on the buckling of composite
structures, Comput. Meth. Appl. Mech. Eng. 111 (1994) 155–167.
[8] I. Elishakoff, P. Eliseeff, S. Glegg, Convex modeling of material uncertainty in vibrations of a viscoelastic structure, AIAA J. 32 (1994) 843–849.
Z. Qiu, Z. Ni / Applied Mathematical Modelling 34 (2010) 2166–2177 2177[9] Z.P. Qiu, I. Elishakoff, Antioptimization of structures with large uncertain but non-random parameters via interval analysis, Comput. Meth. Appl. Mech.
Eng. 152 (1998) 361–372.
[10] Z.P. Qiu, P.C. Müller, A. Frommer, An approximate method for the standard interval eigenvalue problem of real non-symmetric interval matrices,
Commun. Numer. Meth. Eng. 17 (2001) 239–251.
[11] Z.P. Qiu, I. Elishakoff, J.H. Strarnes Jr., The bound set of possible eigenvalues of structures with uncertain but non-random parameters, Chaos, Soliton
Fract. 7 (1996) 1845–1857.
[12] S.H. Chen, X.W. Yang, Interval ﬁnite element method for beam structures, Finite Elem. Anal. Des. 34 (2000) 75–88.
[13] R.L. Mullen, R.L. Muhanna, Bounds of structural response for all possible loading combinations, Struct. Eng. ASCE 125 (1999) 98–106.
[14] Z.P. Qiu, X.J. Wang, Comparison of dynamic response of structures with uncertain-but-bounded parameters using non-probabilistic interval analysis
method and probabilistic approach, Int. J. Solids Struct. 40 (48) (2003) 5423–5439.
[15] W. Weaver Jr., P.R. Johnston, Structural Dynamics by Finite Elements, Prentice-Hall Inc., New Jersey, 1987.
[16] G. Alefeid, J. Herzberger, Introduction to Interval Computations, Academic Press, New York, NY, 1983.
[17] R.E. Moore, Methods and Applications of Interval Analysis, Prentice-Hall Inc., London, 1979.
[18] A. Neumaier, Interval Methods for Systems of Equations, Cambridge University Press, 1990.
[19] E.R. Hansen, Global Optimization using Interval Analysis, Dekker, New York, 1992.
[20] K.J. Bathe, Finite Element Procedures in Engineering Analysis, Prentice-Hall Inc., Englewood Cliffs, New Jersey, 1982.
[21] S.S. Rao, The Finite Element Method in Engineering, Pergamon Press, Oxford, England, 1982.
